Calculus Study Guide 14 Spring 2022

Line Integrals

Definition Let E be a subset in R™. A vector field on E is a vector (or vector-valued) function
F: EF — R" defined by

F(z) = (Fi(x), F5(x),..., F,(x)) € R* for each x = (z1,%2,...,2,) € E.
Definition Let C' be a plane curve defined by the parametric equations r(t) = (z(t), y(t)),
t € [a,b]. Then

e (' is called a smooth curve if 7/(t) is continuous and r/(t) # 0 for all ¢ € [a, b].

e (' is called a piecewise smooth curve if there exists a partition
P={a=ty<t;<---<t,=0}

such that r'(t) # 0 is continuous for all ¢ € (t;-1,t;) and lim r'(t) exists for each 1 <i < n.
t—t;

Definition Let C' be a smooth plane curve given by the vector function r(t) = (z(t), y(t)),

t
t € [a,b], let f be a function defined on C and let s(t) = / |7'(u)| du. Then the line integral of
f along C'is defined by ‘

b n
/ flz,y)ds = / fr(@) ] (t)] dt = lim Z f(z},y]) As; if this limit exists,
c a n—oo P

de\?  [dy\* —
where ds = |r'(t)| dt = \/(d—f) + (d_i) dt, Pr(xf,y;) = r(t]) € P,_1P; and As; is the length

of the subarc P,_1 P, from P,_; = r(t;_1) to P, = r(t;).

bei o

In general, if C' is a (piecewise) smooth curve in R™ given by the vector function r(t) =
(@1(2),- ., 2m(®)), t € [a,5] and
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e if f is a function (scalar field) defined on C, then the line integral of f along C'is defined
by

/Cf(xl,xg,...,xm)ds:/a FOr(e) [P ()] dt

n

= lim E flay;, x5, . ) As;  if this limit exists.
n—00 4 ;
—

e if F = (Fy,...,F,) is a continuous vector field defined on C, then the line integral of F
along C' is defined by

/ Fr) - dr — / F(r(t)) - /(t) dt,
C a
where F(r(t)) - '(t) denotes the inner product of F(r(t)), 7'(t) € R™.

Remarks Let C' (piecewise) smooth curve defined by r(t), ¢t € [a, b].

(a) If ¢ : [¢,d] — [a,b] is a continuously differentiable, orientation preserving onto map such
that ¢'(u) > 0, ¢(c) = a, ¢(d) = b, then C' is given by the vector function R(u) defined by

C: Ru)=r(p(w), ucé€led,

and since
d
/F(R) -dR = / F(R(u))R'(u) du
C c

= [ 0@ (6] ¢ w) du
Set t = ¢p(u) = dt = ¢'(u) du, ¢(c) = a, ¢(d) =b

b
= /a [F(r(t))-r'(t)] dt :/CF(T)-dr

the line integral is left invariant by every orientation-preserving change of parameter.

(b) For u € [a,b], let ¢(u) = a+ b —u and let —C' be a curve defined by

—C ' R(u)=r(¢(u) =r(a+b—wu) foru e [a,b.

Since ¢ : [a,b] — [a,b] is onto, ¢'(u) = —1, ¢(a) = b and ¢(b) = a, the curve —C' denotes
the same curve traversed in the opposite direction and

/c F(R)-dR = /ab F(R(u)) - R (u) du

= [ [P0 ()] &) du
Set t = ¢p(u) = dt = ¢'(u) du, ¢p(a) =b, ¢p(b) =a

Examples
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1. Evaluate /(2 + 2%y) ds, where C is the upper half of the unit circle 22 + y* = 1.
c

2. The center of mass of the wire C' with density function p(z,y), (z,y) € C, is located at the
point

1 1
T= —/ zp(x,y)ds y= —/ yp(z,y)ds, where m = / p(x,y)ds = total mass of C.
m.Jjc m.Jjc c

3. Evaluate / y* dx +x dy, where C| is the line segment from (—5, —3) to (0, 2), and evaluate
C

/ y* dx + x dy, where (5 is the arc of the parabola x = 4 — y* from (=5, —3) to (0, 2).
Co

4. Evaluate / y sin zds, where C is the circular helix given by the equations x = cost,

C
y:sjnt,zzt70§t§2ﬂ'.

5. Find the work done / F(r) - dr by the force field F(z,y) = 2?i — zyj in moving a particle
c
along the quarter-circle C': r(t) = costi+sintj, 0 <t < 7 /2.

Definition Let E be a subset of R™ and let F' = (Fy, Fy,...,F,) : E — R" be a vector field
defined on E. Then F' is called a conservative vector field if there exists a function f : R" — R
such that

F(x) =V f(z) foralzekF.

Note that if F' is a continuously differentiable conservative vector field, then f has continuous
274 order partial derivatives Jriw; = Ja;2, and

oF; OF; OF, OF; o : . "
o Jrie; = foje; = 5 ! — = D . for each 1 <4, j < n (integrability conditions)
X €T; xZ; ZT;

In this situation, the function f is called a potential function for F.
Definition Let F' be a continuous vector field defined on D, and let C; and Cs be paths in D

having the same initial points and the same terminal points. Then the line integral / F - dris

c
/ F-dr:/ F -dr
Cl 02

Fundamental Theorem for Line Integrals Let U be an open subset of R™, let f: U — R
be a continuously differentiable scalar field (function) and let C' : r = r(u), u € [a,b] be a
(piecewise) smooth curve that begins at p = r(a) and ends at ¢ = r(b). Then the line integral of
(a conservative field) V f along C' satisfies that

called independent of path if

/C VF(r) - dr = £(r(b)) — F(r(a)) = £(g) — F(p)

and is independent of the choice of paths in U joining from p to gq.
Proof
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Case 1: If C' is smooth, then

b ) b d
[ v16)-dr= [ Vi) = [ e @) du= 00 - ),

Case 2: If C' a (piecewise) smooth and {a = ag < a; < -+ < a,—1 < a, = b} is a partition of
[a, b] such that

C = U C; where C;={r(t) |t € [ai_1,a]} is smooth for 1 < i <mn,
i=1

then
/CVf('r)~dr _ /w C_Vf(r).drzz/C_Vf(r).drzz/éi V£ (r(u)) - () du
Cazel Zf(?’(az)) — f(r(ai-—1)) = f(r(b)) — f(r(a))
Remarks

(a) This is a generalization of the Fundamental Theorem of Calculus since if ¢ : [a,b] - R is a
continuous function with an anti-derivative G(z) on (a,b) and if C'is the line segment given
by r(z) =z, = € [a,b] C R, then

G(b)—G(a):/VG(T)-dr:/ab%G(x)dx:/abg(x)dx

c

(b) If C :r = r(u), u € [a,b] is a (piecewise) smooth closed curve and if f is continuously
differentiable on an open set U containing C, then

/CVf(r) ~dr = f(r(b)) — f(r(a)) =0 since r(b) = r(a).

This implies that if F' = V f is conservative and continuous in U, the line integral / F(r)-
c
dr = 0 along any (piecewise) smooth closed curve C' in U.

Examples

MG
1. Find the work done by the gravitational field F(X) = —ﬂrX—PX, X = (2,9,2) € R?

in moving a particle with mass m from the point (3,4,12) to the point (2,2,0) along a
piecewise-smooth curve C.

2. Determine whether or not the given vector field is conservative.
e« Fla,y)=(r—y)i+ (@—2)j
o F(z,y) = (3+2zy)i+ (2* - 3y°)j.

Definition A continuous curve C' : r = r(u) u € [a,b] is called simple if
r(u) #r(t) foralla<t<u<b <= forallu#te€ [a,b).

A Jordan curve is a plane curve that is both closed and simple.
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Definition A region D is called (path) connected if any two points in D can be joined by a
path that lies in D, i.e. D is (path) connected if for all p, ¢ € D, there exists a continuous map
r: [a,b] = D from [a,b] into D such that r(a) = p and r(b) = q.

Definition Let D be a region in the plane. Then D is called simply-connected if every simple
closed curve in D encloses only points that are in D.

Remark If F' = V f is conservative and continuous in D, and if C; and C5 are paths in D having
the same initial points and the same terminal points. Then C; U (—C3) is a closed curve in D,

and
0 :/ F-d?“:/ F~dr—i—/ F-dr:/ F-dr—/ F -dr
Clu(—CQ) Ch —Cs C Ca
— F-dr= / F - dr (independent of path)
Cl CQ

Green’s Theorem Let F' = (P, Q) be a vector field on an simply-connected region ). Suppose
that P and () have continuous first-order partial derivatives on an open set that contains €2, then

// 0Q ap

— = — dxdy:dex—l—Qdy,
c
where the boundary C' = 02 is oriented in the positive direction such that € is on the left-

hand-side when traversing along C, and denotes the line integral along C in the positively
c
orientation.

Proof Suppose that €2 is an elementary region given by

{(z,y) |a <z <b di(x) <y < o)} or {(z,y) [ 1(y) < x < ha(y), c <o <d},

¥ Y
(x)
P )

I

: y(y)
|
| I cb———_ "=
| (Dl(X) I
|
| | >
a b X X

Type | Type Il

Q is an elementary region: it is both of Type | and Type Il

such that the boundary 02 = C' = C; U Cy = C3 U Cy, where

C1 = {(z,y) ly=d1(2), a <2 <b}, Cy={(v,y)|y=¢a(z), a <z <b},
Gy = {(z,y) |r=v1(y), c<y<d}, Ci={(v,y)|v=1(y), c<y<d
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Since

[ 5w = //w df“dy—/ Qealy dy—/cd@wl(y),y)dy
//Q _(Z_];dydw - //¢>1(x _dydw—/abP(:E,ﬁbl(ﬁ))M—/abP(chz(w))dx

Q
O
Y
<
I
S

d d
Qdy= [ Qdy- Qdyz/ ng(y),y)dy—/ Quin(y),y) dy
Csy c c

10(-Cs) C
ngdm = /Clu(—@) Pd:c:/c1 de—/c2 Pdx = /abP(x,qﬁl(x))dx—/:P(a:,@(x))dx
e // 8_@_8_P dxdy:%de—l—Qdy.
dy c

Remark Suppose that D; and D5 are simply-connected regions with boundaries 0D; = C3U C}
and 0Dy = Cy U (—C3) respectively and suppose that D = D; U Dy has the boundary C' = 0D =
CyUCh.

Since

I G == I 5 =5 = S, = e ),

%Pd:c—l—@dy—?{ de—l—@dy—jg Pd:c+Qdy+7{ Pdxr+ Qdy
C ClUCQUC3U(—C3) C1UCs CQU(—C?,)

and since Dy, Dy are simple regions as in the preceding proof, we have

// (‘3_@_6_]3 dx = j{ Pdx + Qdy
8‘7“ y C1UC3

// oQ 8P
Do

— — —|dx = ]{ Pdx 4+ Qdy
CQU( Cg)
This proves the Green’s Theorem on a more general region D

ox y
// 0Q 8P

T _ 7 dxdy:j{ de—i—@dy:?{ Pdz + Qdy.
y C1UC> oD

0Q 8P

ox 8y
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Theorem Let F' = (P, Q) be a vector field on a simply-connected region D. Suppose that P and
() have continuous first-order partial derivatives and

orP 0

— = oQ throughout D (integrability condition)

oy  Ox

Then F'is conservative, i.e. there is a continuously differentiable function f : D — R such that
F=VfonD.

Proof Fix a point p = (a,b) € D. For any (s,t) € D, let f : D — R be defined by

f(s,t) = / Pdx+ @Qdy, where C is a piecewise smooth path in D from p to (s,t).
c

This is well defined since if (' is another piecewise smooth path in D from p to (s,t) such that
C'U (=) is a simple closed curve enclosing a region £ C D. By the Green’s Theorem, we have

/Pd:c—l—Qdy—/ de—i—Qdy:j{ de+Qdy://
c C1 Cu(-Cr) E

/ Pdr+Qdy = / Pdr+ Qdy (independent of path)
C 1

Hence we may simply rewrite the definition of f at each point (s,t) € D as follows

0Q 8]1 B
e Jy dxdy =0,

and

(s5t)
F(s,1) =/ Pdr+Qdy.
p

where the line integral is integrated along any piecewise smooth path in D from p to (s,t). For
each (s,t) € D and for any sufficiently small h, k such that (s + h,t + k) € D, since

(s+h,t)
f(s+h,t) = / Pdr+Qdy
P

(s,t) (s+h,t)
= / Pd:c+Qdy+/ Pdz+ Qdy
P (

$,t)
since y =t (const.) on (s,t) = (s + h,t) = dy =0

(s+h,t)
= f(s,t)+/ Pdz
(

s,t)

= f(s,t) —|—/S+h P(x,t)dz,

(s,t+k)
f(s,it+k) = / Pdx+ Qdy
P

(s,t) (s,t+k)
= / Pdm+Qdy+/ Pdz+ Qdy
p (

s,t)
since x = s (const.) on (s,t) = (s,t + k) = dr=0

(s,t+k)
_ f(s,t)+/( Qdy

S7t)

t+k
— f(s.t)+ / Qs,y) dy,
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by the Fundamental Theorem of Calculus, we have

s+h
o fsht) = f(st) [T P(x,t) da
k
St R) = f(st) [T Qs y)dy
fy(s:t) = lim p = lim . = Q(s,1)
Hence
F=(PQ)=(fs[f,) =Vf onD = F is conservative on D.
Examples

1. Evaluate / z* dx + zy dy, where C is the triangular curve consisting of the line segments

foi
from (0,0) to (1,0), from (1,0) to (0,1) and from (0,1) to (0,0).
1—x
Solution: By the Green’s Theorem / stdr + xydy = / / (y — 0)dy dx.
c o Jo

2. Let C' be a positively oriented, piecewise-smooth, simple closed curve in the plane and let
D be the region bounded by C. By the Green’s Theorem, the area of D is given by

1
A(D):]{xdy:—j{ydx:§j£$dy—ydx,
c c c

where C' is positively oriented (i.e. move along C' in the direction so that D is on the left).
2 2

Use the formula to find the area enclosed by the ellipse :r;_ + 322

1 1 2m
Solution: By the Green’s Theorem, A = 5}[ rxdy —ydr = 5/ abdb
c 0

=1.

3. Evaluate / y* dz + 3zy dy, where C is the boundary of the semiannular region D in the
c
upper half-plane between the circles 2 + y? = 1 and z* + y* = 4.

s 2
Solution: By the Green’s Theorem / y* dx + 3zy dy = // ydA = / / r? sin @ dr df
c D o J1

Curl and Divergence

Definition Let E be a subset of R® and let F' = (F}, Fy, F3) be a vector field, f be a differentiable
function defined on E. Let the vector differential operator V (“del”) be defined by

0 0 0
v ! 8;1:1 _'_J 81’2 + 81’3

Suppose that the partial derivatives of Fi, F5, F3, and f all exist, then the curl of I is the vector
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field on R? defined by

i j k

0 0 0
lF = F =
it VX 8:1:1 01'2 8$3
o F F
O0F; 0Fg> ) (8F1 0F3> ) <8F2 8F1>
et e — i — e — k
(61'2 6ZE3 tr 8x3 8x1 + 8$1 81'2

(@Fg OF, OF, OF; 0F, 8F1)
8x2 (%3 ’ 8x3 6.731 ’ 89{;1 81’2

the gradient of f is a vector field on R? defined by

of . of. of.,
0xy L+ 83;-2‘] T Oxs k = (fxl’fx27fx3)

grad f =V [ =
and the divergence of F' is a function on R3 defined by

aF1+aF2+aF3 where V — § -2 0 +k J

divF =V -F= j
v 8x1 al’g 8x3’ Gml +J 8x2 81’3

Example Let F(z,y,2) = 2zi+2yzj — v’ k. (1) Find curl F. (2) Find div F.

Theorem Let F = (Fy, Fy, F3) be a vector field defined on R®. Suppose that the component
functions have continuous partial derivatives. Then curl F' = 0 if and only if F' is a conservative
vector field.
Proof If
oF; O0F, 0F, O0F; 0F, O0F
curl F' = — , — , —
81:2 (9173 85(33 8[)31 8x1 81‘2
the integrability conditions hold and there is a continuously differentiable function f : R® — R
such that F = Vf on R?, i.e. F is a conservative vector field.

) = (0,0,0) on R?

Conversely, if F' is a conservative vector field such that there is a continuously differentiable
function f : R* — R having has continuous 2"¢ order partial derivatives on R?, then

curl F = curl Vf =0 on R

Theorem Let F = (Fy, Fy, F3) be a vector field defined on R®. Suppose that the component
functions have continuous 2" order partial derivatives. Then

diveurl F =0 on R3.

Divergence Theorem Let W = {(11,79,23) €R? |a <21 <b c< 1y <d, e <3< f} bea
oF
closed cell in R?® and let F' = (F}, Fy, F3) be a continuous vector field on W. Suppose that 8_1’

I
OF: OF _ .
——2 and = are continuous on an open set U containing W. Then

8%2 €T3
/// dideV:// F-ndA,
w oW
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where n = n(p) denotes the unit outward normal vector to W at p € OW.

Proof Since the boundary 0W of W consists of 6 faces S; U Sy U ---U Sg, where

S =
Sy =
Sy =
Sy

S; =
Se =

we have

{(z1,29,23) € W | 1 = a} = if p € Sy then n(p) = (—1,0,0)
{(z1,29,23) € W | 1 = b} = if p € S5 then n(p) = (1,0, 0)
{(x1,29,23) € W | 22 = ¢} = if p € S5 then n(p) = (0,—1,0)
{(z1,29,23) € W | 29 = d} = if p € Sy then n(p) = (0, 1,0)
{(x1,29,23) € W | 23 = e} = if p € S5 then n(p) = (0,0, —1)
{(z1,29,23) € W | 23 = f} = if p € Si then n(p) = (0 0, 1)

/// div F dV = /// aFl F2+8F3>dv
31751 T2 0
b opd f
= ///@d$1d$2d$3+///@diﬂgdﬂfldl‘g"—///%dlﬁdlédxl
e Je O Oy c Ox3

foord f pb
= / /(Fl(b,flfg,l‘g)—F1<a,$2,$3))d$2d$3+/ /(FQ(Z‘l,d,I‘g)—Fg(l'l,c,])g))dl‘ldlﬁg

b d
T / / (Fy(ar, 9, f) — Fy(ar, 03, ¢)) d da

// Fl(b, .1’2,1'3) dl'Q dl‘g — // Fl(a,xg,xg) de d.flfg + // Fg(l'l,d, fﬂg) d$1 dl’g
So S1 Sy
— // F2($1,C,$3) d$1 d$3+// Fg(l’l,l'g,f) diL‘Q di[fl — // Fg(%l,l'g,e))dl’g d$1
S3 Se Ss
// 1 O O d$2d$3+// 1 O 0 d$2d$3+// 0,1,0) dl‘l dl'g
So St Sa

—i—//S3F

dl'l dl'g—{—// 0 0 1 dxzdilfl +// d.ﬁlﬁ'gd.ﬁlﬁ'l
56 SS

_ // F-ndA:// F-ndA
SoUS1US4 US3USgUSs ow

Remark In general, if R is a regular region in R™ with piecewise smooth boundary OR, and if
F = (Fy,...,F,) is a continuously differentiable vector field on R U OR, then

/dideV: F-vdS
R AR

where v = v(x) denotes the unit outward normal vector to OR at x € OR and dS, denotes the
volume element of OR at x € OR.

Corollary (Green’s Theorem) Let R be a regular region in R* = 2;25-plane with piecewise

smooth boundary 0R, and let F' =

(Fy, Fy) : RUOR — R? be a continuously differentiable vector

field on R U OR. Then

E: F
/ F - dx= // 2 - b dA, where dz = (dxy, dxs)
OR

8x1 8%2
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Proof Note that if r(t) = (z1(t), z2(t)) : [a,b] — OR is a parametrization (or coordinate func-
tions) of OR, then

b
dry dx
/ - dx:/ (F1, F3) - (dwy, das) Z/ (£1, F2) - (d_tl’d_t2>
OR r([a,b]) a

dr; d
Since r'(t) = <%, %

normal vector there.

Let G = (G1,G32) = (Fa, —F})). Then G is a continuously differentiable vector field on R U OR,
and

d d
> is tangent to OR at p = r(t), the vector v(p) = (%, —%) is a

b
/ E-dr :/ (F1, F3) - (dy, das) :/ (F2, —F1) - (dws, —day) :/ (G1,Go) - vdt,
OR OR OR a

and, by the divergence theorem, we have

/ (Gl,G2)~1/dt G - V—// divG dA —// @—% dA
a OR 014 3962

Definition If F' is a continuous vector field defined on an oriented surface S with unit normal
vector n, then the surface integral of F' over S is

//F-dS://F-ndS = the flux of F' across 5,
s s

where dS is the vector area element of S, dS is the area element of S, n = n(p) is the unit
outward normal vector to S at p. This integral is also called the flux of F' across S.

Stokes’ Theorem Let S be an oriented piecewise-smooth surface that is bounded by a simple,
closed, piecewise-smooth boundary curve C' with positive orientation. Let I’ be a vector field
whose components have continuous partial derivatives on an open region in R? that contains S.

Then 9 9
/F~d7”://curlF dS_/ (Vx F). 2~ x 2 g4,
C 881 882

o 7(s1,59) = (x1(s1, S2), x2(S1, S2), ¥3(51, 82)) : R — S is a smooth parametrization that maps
a simple, closed, piecewise-smooth bounded region R, in s;so-plane, to a surface S in xyx9x3-
space and 7 : 0R — C' maps the boundary OR of R onto C,

or

or
e dr = — ds; + — dss is the tangent vector length element of C|

(981 882

e (S is the vector area element of S and dA is the area element of R.

where

Remark If C' is a smooth simple closed curve given by the vector equation
r(t) =x(t)i+y(t)j+ z(t) k = (z(t),y(t),0) fora<t<b

then

T(t) = i+ ‘:{ )i and n(r) = LW 5 gj.
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.)-’J\
T(1)
i )Nﬂ/n'{r)
D y
C
0 X

are respectively the unit tangent vector and the outward unit normal vector to C' at r(t),

and
lt 2 /t 2
n(t) x T(t) = (' >\)r’(t)(|g( ) (ixj)=ixj=k foreacha<t<b
—> D C xy-plane = dz=0on D,
Since
cwl F — <8F3 B 0Fy, OF; B 0F; O0F, B 8F1>
N 8362 31’3 ’ 3953 81‘1 ’ 81’1 8362
we have

0F, 8F1}
— — — | dxd
ox dy v

D Z
] // @_@

= (% Fidx + ngy> k by the Green’s Theorem
c

= (j{c F(r) -dr) n(t) x T'(t)

perpendicular to the plane spanned by T, n

dz dz +k//
D

dx dy> k since dz=0on D

so, by setting N = T x n along C, we obtain a positively oriented basis {N, n, T} for R® and
note that the curl F' at a point p = (x,y, z) can be defined by

1

curl F(p) = lim — // curl F' = hm <—j{ F(r) -dr) N L the plane containing C
A—)O A C

where A is the area of D and ]{ F(r)-dr, aline integral along the boundary of D, measures the

velocity of particles move around the axis.

Proof of Stokes’ Theorem Since C' = r(JR) and dr = or ds; + or dsy, we have

881 882

/ Fdr= / <F ﬁ ds, + F - 8_ d52> by the definition of line integral.
c OR 0sy Dsy
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*\ curl F(x, y, z)

Setting
or or
=F. — d =F. —
Gy D5, and Gy D5y’

and by the Green’s Theorem, we have

/Fd?”:/ (G1d31+G2d82):// <%—%) d51d82,
C R R 081 682

On the other hand, since

// curlF-dS:// curl F - ﬁ><ﬁd$1d$27
S R 3 632

and
OF; B oF, O0F, B 0F; OF, B OF;
Odry Oxs Ox3 Oxy O0x1 Ox9
T AL B0 Oz, Ozs
881 882 B 881 881 881
Oz Oz, ]
059 059 059
3
= Z (g}; gﬁj) gz gﬁ; by the definition of determinant
B Z OF; Ox; Ox; Z OF; Ox; Ox;
B = Ox; 081 08y Oxj 0sy 0s;
oF oOr OF 07”
= — . — — — . — by the Chai 1
s 03y O3y O y the Chain Rule
_ 0G0G,
n 851 882
we have

//CurlF dS = // @—% dsldSQZ/F-dr
881 852 C

Example 1. Evaluate /F - dr, where F(x,y,2) = —y*i+ 2j+ 2°k and C is the curve of
c
intersection of the plane y+z = 2 and the cylinder z? +5? = 1. (Orient C to be counterclockwise

when viewed from above.)
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Solution: curl ¥ = (1 +2y)k, S = {2z = g(z,y) = 2 —y}, curl F - dS = (0,0,1 + 2y

27r
(—gw,—gy,l)dAz(1+2y)dAand/F-dr:// curl /- dS = // 1+2y)dA = / / (1+
c

2rsin @) rdrdf.
Example 2. Find the flux of the vector field F(x,y, z) = zi+ yj + x k over the unit sphere

2?4+ 22 =1

Solution: r(¢,8) = (sin¢cosf,sinpsinb, cos @), (¢,0) € D ={0 < ¢ <7, 0 <6 < 27}. Then
//F'dS://F'T¢XT9dA:47T/3.
S D
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